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There is atwo-dimensional stationary equation of motion of a viscous incompressible fl(iid
is obtained from the Navier—Stokes equations by eliminating pressure and introducing the stream

functionw, see Remark).

1°. Supposeu(zx, y) is a solution of the equation in question. Then the functions

w1 = ~w(y, x),
w2 =w(Crx + C, Cry + C3) + Ca,
w3 = w(x cOSa + y Sina, —z Sina + y COSa),
where(Cy, .. ., C4 anda are arbitrary constants, are also solutions of the equation.

2°. Any solution of the Poisson equatidxw = C is also a solution of the original equation (these
are “inviscid” solutions).

3°. Solutions in the form of a one-variable function or the sum of functions with different arguments:
w(y) = C1y® + Coy® + Cay + Ca,
w(z,y) = Cra? + Cox + Cay® + Cay + Cs,
w(z,y) = C1expEAy) + Coy® + Cay + Cy + vz,
w(z,y) = Crexp(\zr) — vz + Coexp\y) + vy + Cs,
w(z,y) = Crexp\zr) + vz + CoexpEAy) + vy + Cs,
where(Cy, ..., Cs and\ are arbitrary constants.
4°. Generalized separable solutions:
w(z,y) = A(kz + \y)® + B(ka + \y)? + C(kx + \y) + D,
w(z,y) = Ae ) 4+ By + kx)? + C(y + kx) + vA(k? + 1)z + D,
w(z,y) =6va(y + )+ Ay + AP+ By + N +Cy+ N2+ D,
w(z,y) = (Az + B)e™Y + vz + C,
w(z,y) = [Asinh(3z) + B cosh@3z)] e ™ + %(@2 + Az +C,

w(z,y) = [Asin(3z) + B cos@z)]e ™ + ;()\2 -z +C,
w(@, y) = AN+ BT + vy + %v(ﬁ ~Mz+C, y=+/X+p7
whereA, B, C, D, k, 8, and\ are arbitrary constants.
5°. Generalized separable solution linearin
w(z,y) = F(y)z + G(y), @

where the functiong’ = F(y) andG = G(y) are determined by the autonomous system of fourth-order
ordinary differential equations

Ry, = PRy, = v, ®
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GyFyy ~FGyyy =Gy ©)

1


http://eqworld.ipmnet.ru�
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Equation (2) has the following particular solutions:
F=ay+b,
F=6u(y+a)?,
F=ae™+)\v,

wherea, b, and\ are arbitrary constants.
Let F' = F(y) is a solution of equation (2){# const). Then, the corresponding general solution
of equation (3) can be written out in the form

G=/Udy+C’4, U:C]_U1+02U2+C3<Uz/[(JI;]'dy—Ul/?dy),

whereC1, C,, C3, andCy are arbitrary constants, and

F! if F" #0, ® dy 1
- vy vy = = -=
i {F it £ =0, i Ul/ 77 P exp( y /de>.

6°. There is an exact solution of the form (generalizes the solution of 3§m

w(z,y) = F(z)zr+G(z), z=y+kx, kisany.

w = /F(z) dz+Cq, z= arctar(x),
Yy

where the function?” is determined by the first-order autonomous ordinary differential equation
3U(F!)? - 2F3% +12vF? + CoF + C3 = 0 (C4, C», andCs are arbitrary constants).

8°. There is an exact solution of the form (generalizes the solution of TE@m

7°. Self-similar solution:

w=CrIn|z|+ / V(z)dz+Ch, =z= arctar<x>.
Y

Remark. The two-dimensional steady-state equations of a viscous incompressible fluid (the

Navier—Stokes equations)
Ouy Ouy _ 10p

- = — — =—=—— 4+ A ,
Wgy 712 Jy p Oz v
0 0 10
ulﬂ +U2ﬂ = —fip +vAuy,
ox dy p Oy
% + % =0
ox dy
are reduced to the equation in question by the introduction of a stream functioch that:; = %—Z

andu, = —% followed by the elimination of the pressupe(with cross differentiation) from the
first two equations.
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